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1. Introduction

In recent years, growing attention has been focused on fractional differential equations because they can provide a
better approach to describe the complex phenomena in nature, such as viscoelastic materials, anomalous diffusion, signal
processing and control theory, etc., see [1,16,17,28,29,32,38]. Compared to classical integer-order differential equations, the
theoretical investigations and establishment of numerical schemes for fractional-order (or fractional for brevity) versions
are more complicated due to the special properties of fractional differential operators, such as the non-locality, history
dependence, and/or long-range interactions [37].

In this paper, we study the numerical schemes for the following nonlinear fractional initial value problem

cDgy(® = f(t. y), T>t>0,
y®(0) :ygo’ k=0,1,---.n—1,

where the continuous function f(t, y) is nonlinear with respect to the unknown function y, n is a positive integer such that
n—1<a <n and the initial values yg‘) are assumed to be given. Here ¢ D ,y(t) is the Caputo derivative, defined by

(11)

t
1
DY .yit)y=— [ (t =) 1yM(s)ds, -1 zT.
cDg . y(®) F(n—oe)/( s) y™W(s)ds, n—l<a<ne
0
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In order to ensure the existence of a unique solution of (1.1), we always assume that f satisfies Lipschitz condition with
respect to the second variable, that is, | f(t, y1) — f(t, y2)| < L|y1 — y2| where L > 0. It is well known that the initial value
problem (1.1) is equivalent to the following Volterra integral equation [6,16]

n—-1 i t

~Yop, 1 et

y(t)_gﬂyo @ f (t =)V f(s, y(s))ds, (12)
- 0

in the sense that a continuous function is a solution of (1.1) if and only if it solves equation (1.2).

There have existed some studies on the numerical approaches for fractional differential equation (1.1). Early in 1986,
Lubich studied the numerical approximation of fractional integrals based on a discrete convolution form and introduced
the fractional linear multistep method [26,27]. Almost at the same time, Brunner and Houwen also presented linear
multistep methods for Volterra equations [2]. In 1997, Diethelm proposed an implicit algorithm for the fractional dif-
ferential equations based on a quadrature formula approach in a finite-part integral sense [5]. For more details about
the relationship between fractional derivative and finite-part integral, see [12,13]. In 2000, Podlubny proposed a unifi-
cation discrete form based on triangular strip matrices [33], which was further developed in [34]. In 2002, Diethelm et
al. discussed an Adams-type predictor-corrector method for equation (1.2) and gave a detailed error analysis that the
convergent order was min{2, 1 + «} if cDg,ty(t) € C2[0, T] [7,8]. Shortly after, Li and Tao further studied the error anal-
ysis for the fractional predictor-corrector method [20]. And in [22], Li and Zeng reviewed the finite difference methods
for fractional ordinary/partial differential equations. In [24], various kinds of numerical methods for fractional differential
equations have been studied thoroughly. There have also been some investigations on the stability analysis for nonlin-
ear fractional differential equations. Ladaci and Moulayin [18] analyzed the LP-stability of fractional nonlinear differential
equations. Deng [4] considered the sufficient conditions for the local asymptotical stability of nonlinear fractional differen-
tial equations. After that, Li and Zeng [23] studied the numerical stability of the finite difference methods for nonlinear
fractional ordinary differential equation (1.1). In very recent, a series of numerical methods for Caputo derivatives is de-
rived and the established algorithms are applied to Caputo-type advection-diffusion equations [3,19,21]. In the meantime,
a series of numerical methods for Riesz derivatives is established and applied to Riesz-type fractional partial differential
equations [9-11]. Keshtkar et al. [15] investigated the stability of equilibria in the nonlinear fractional-order dynamical
systems.

In general, the existence of a weakly singular kernel (t —s)*~! (0 < o < 1) in fractional derivative and integral makes
it more difficult to get a higher-order scheme. Particularly when the solution of equation (1.1) is not suitably smooth,
those methods on uniform meshes seem to have a poor convergent rate. For these reasons, numerical methods on non-
uniform meshes have been placed on the agenda. Especially in recent years, finite difference schemes with non-uniform
meshes for fractional differential equations have attracted increasing attention. In [36,40], Yuste and Quintana-Murillo
proposed an L1 method with non-uniform timesteps for fractional diffusion and diffusion-wave equations. In [35], Pod-
lubny et al. studied the matrix approach on non-equidistant grids. Mustapha et al. [30,31] used the finite difference
method to a sub-diffusion equation. Lopez-Fernandez and Sauter [25] presented a generalized convolution quadrature
with variable timesteps. In very recent, Zhang et al. [42] investigated the finite difference scheme for the fractional
diffusion equation on non-uniform meshes. Finite difference methods with non-uniform meshes often show great ad-
vantages when dealing with less smooth problems. However, the theoretical analysis of stability and convergence of
the schemes with non-uniform meshes for nonlinear fractional differential equation seems not to be derived thoroughly
yet.

In this paper, we mainly focus on the stability and convergence analysis of three kinds of numerical approaches on
non-uniform meshes and illustrate their suitability for non-smooth problems through numerical tests. The rest of the paper
is organized as follows. In Section 2, we outline the numerical schemes on the non-uniform meshes. Detailed stability and
error analysis for the derived schemes are given in Sections 3 and 4, respectively. In Section 5, numerical examples are
carried out to verify the theoretical analysis and to check the capability of the derived methods for non-smooth problems.
The conclusions are included in the last section.

2. Numerical schemes on non-uniform meshes

For an integer N and the given time T, we divide the interval [0,T] into O=tg <t; < - <ty <ftgp1 <---<tn=T,

with non-equidistant stepsizes 7; =tj;+1 —t;,0 <i <N — 1, and denote Tpsx = max Tj, Tmip = min t;. If the given
0<i<N-1 0<i<N-1

question is singular at the origin, then the choice of the non-equidistant stepsizes obeys non-decreasing rule, i.e, T; < Tj;1.
Throughout this paper, we do not re-state this if no confusion appears.

Let y; be the approximate solution of y(tj) (j=0,1,---,k) which have been determined. Now we need to calculate
Yk+1- We introduce three approaches to do this.
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Consider the following integral

tkt1
g1 = / (ke — % £, y(s))ds
0
ki
= / (tes1 — )1 f (s, y(s))ds,
j=0 £

where k=0,1,--- ,N—1.
It can be approximated by the following approach

tj+1

b~ Y [ =97 FyGs.yo)ds,

=0 ¢

where fj(s, y(s)), j=0,1,---,k is the approximation of f(s, y(s)) on the interval [t;,t;;1).

It will lead to different schemes by choosing different fj (s, ¥(s)). Here we choose three kinds of ]‘j (s, y(s)) to derive the

fractional rectangle, trapezoid, and predictor-corrector methods respectively.
(i) By choosing ]‘j(s, y(5)) as
fits,y) =ftj,yp), j=0,1,--- .k

the fractional rectangle method is derived as

n—1 ]
l 1
Yk+1 = Z <+ (J)‘f‘ZW]k—Hf(t] i,
! =
where
Cj+1
Wi 1=L /(tk 1— 9% 1ds
j.k+ T(a) +
£

tepr — )% = (tkpr — tj41)®
:(k-H D% — k1 — tj41) P=0.1. k.

)

Ca+1)
(ii) If ]‘j(s, y(s)) is selected as
~ t i+1 S—t; .
f}(&,\’(s)):—]f(t], )+7]f(tj+layj+])a ]:071»"'5k7
tj =t it1 =L
then the fractional trapezoid method is given by
n—1 j k+1
l
Yik+1 = Z el (])+ZW1 k+1 f (5, ¥j),
j=0
in which
1
t_AO’ ifj=0
1
Wit = = Vo oav— 1 B ifjot2. ok
. T 2 ) y =1,2,---,k,
R T AR T
(tk1 — )%, ifj=k+1,
and
Ao = (trer — )T =25 + (@ + Dt .
Aj= (k1 — ) = (e — )" + @ + D1 — ) G — )%,

Bj=(tks1 —t)* " — (G — tj—D* T (@ 4+ 1t — tj_1) (terr — £)%.

(21)

(2.4)
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After the observation of (2.3), it is obvious to see that this is an implicit scheme. In order to decrease computational
complexity, predictor-corrector method is naturally proposed.

The predictor-corrector method can be deduced as the following steps. Firstly, we take equation (2.1) as the predictor
item y,fﬂ and then we replace yy,1 on the right-hand side of scheme (2.3) with y,fH to get the corrector item yy,; which
contributes to the scheme below.

(iii) The predictor-corrector method can be written as

n—1.j k
t )
P k+1 ()
Yer1 = i Yo +ZWj,k+1f(tj,y1‘),
j=0 =0
. (2.5)
n—1 tl] L@ k
Yiri=) %yoj + [ D Wikr1 F €5 Y1) + Wiertdrr f (B yf+1)},
j=0 =0

where Wj 41, Wjs1 are respectively defined by (2.2) and (2.4).

In order to obtain further higher-order numerical schemes on non-uniform meshes, we can also apply other quadrature
rules to (1.2), such as Simpson rule, composite trapezoid rule and so on. We omit them here.

3. Stability analysis

In this section, we study the stability analysis for rectangle scheme (2.1), trapezoid scheme (2.3), and predictor-corrector
scheme (2.5). Here the stability mainly refers to that if there is a perturbation in the initial condition, then the small change
does not cause the large error in the numerical solution [23].

_Suppose that y, and z (k=1,2,---,N) are two solutions of the rectangle scheme (2.1) with different initial values
yg) and zf)’)(i =0,1,---,n— 1), respectively. If there exists a positive constant C independent of non-equivalent stepsizes
7j(j=0,1,---,k) and k, such that

1Yk — 2kl < CZIyg) —zg)|, k=1,2,---,N,
i=0

then we say that rectangle scheme (2.1) is stable. It is similar to define the numerical stability for trapezoid scheme (2.3)
and predictor-corrector scheme (2.5). Denote C as a generic positive constant that does not depend on meshes or k but on
T, and the smoothness of f if no ambiguousness occurs.

3.1. Several lemmas

Firstly, we introduce some lemmas that will be used in stability analysis as well as error analysis.

Lemma 3.1. If & > O, k is a nonnegative integer, T; < Tj41 (j=0,1,--- ,k — 1), then wj k41 and W x4 defined by equations (2.2)
and (2.4) respectively have the following estimates
Wikt < CaTjltr — )%, j=0,1,--- K, (3.1)
and
-1 P
~ T(]t]? 1° lf] = 0»
Wjkt1 < Co { * o1 Gl p (3.2)
[Tj(tep1 — ) +Tjm1 (kg1 — =) L ifj=1,2,--- k41,
_ max{2, a}
where Cy = NCESIR

Proof. It is simple to verify that

o
Wigog = —%
k,k+ T +1)
For j=0,1,---,k—1, according to the mean value theorem, there exists a constant & € (¢}, tj;1), such that
Do+ DWjprr (tepr —6)% = (k1 — 1)
(tky1 — )@ 1 (tep1 —£j)% 1

_ 2T (e —£)*1
(tgpr — )21
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If > 1, then
M+ 1Dw; aTi(tgrg — t)* !
( ) fx,kj;] < j( k+1 (jx)71 <atj.
(tk+1 — tj) (tkr1 — t)
If 0 <o <1, then
Flao+DwWjrp ‘(tk+1 —tj\1-a
(tkp1 — @1 N1 — &
t —t; _
< atj( k+1 j \1-«
tk+1 — Lyt
f _
=atj(1+ : e
Tk + Tkt1 + -+ Tj+1
< Zl_a(x‘l,'j
<21;j.

So inequality (3.1) is proved and inequality (3.2) can be proved in a similar way. All this completes the proof. O

Lemma 3.2 (Gronwall inequality). (See [41].) Assume that {k,} and {p,} are nonnegative sequences, go > 0, and the sequence {¢,}
satisfies

@0 < Lo,

n—1 n—1
Pn<g+Y pit+Y kigj. n=1.
j=0 j=0

Then
n—1 n—1
¢n<(g0+ ) ppexp()_kj), n>1.
j=0 j=0

Next, we propose a modified Gronwall inequality which is useful to prove the stability and error estimates for the derived
numerical methods.

Lemma 3.3. Assume that o, Co, T > 0 and bj = CoTj(tx — tj)"“](j =0,1,---,k—1 forO=tg <ty <---<ty=T, k=

1,2,---, N where N is a positive integer and T; = tj1 — tj. Let go be positive and the sequence {y} meet
Yo < Lo,
k—1
(3.3)
Y < Y b+ go.
j=0
then
Vi <Cg, k=1,2,---,N. (34)

Proof. If o > 1, one gets bj < CoT% 'tj, that is

k—1
Y < CoT* 1Y iy + go.
j=0
It naturally leads to (3.4) by using Lemma 3.2.

Next, we study the situation 0 < o < 1.
Noticing that 19 < go and using the inequality (3.3) repeatedly, we have
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k— ji—1
Yk <8+ Z bj k¥j, < &+ Zb“ k(8o + Y biyj i)
j1=0 j1=0 j2=0
-1 ]1 1
=8 + 8o th kt an k ijz Vi
j1=0 j1=0 j2=0
k—1 j1—1 J2—1
=80 +& an kD bjk D b (80 + D bjsis¥iis)
j1=0 j1=0 j2=0 Jj3=0
—1 -1 k—1 ji—1 J2—1
=80t 8o th Kkt 8o Z bjik ijz at th k Z bjy.ji ijs 2Vis
j1=0 j1=0 j2=0 j1=0 j2=0 j3=0
(3.5)
-1 -1 j2—1
<g0+goZb1k+g02b1]<Zb]211+g02b1k2b]2]1 Zblajz
j1=0 j1=0 j2=0 j1=0 j2=0 Jj3=0
ji—1 Jk-1—1
+- +g02b1kzb12 jioe Z b jica
j1=0 j2=0 Jjk=0
-1 J2—1 -1 Jz—1 J2—1
=8go+ 8o th k+ 8o ijzk th j2 T 80 ija k an j3 th J2
j1=0 j2=0 j1=0 j3=0 j2=0 j1=0
-1 Je=1—1 j2—1
+- +g02b1kk Z bj_ 2]k1"'ZbJ’1J2'
Jk=0 Jk—2=0 j1=0

In the following, we show that the right-hand side of the last equality of (3.5) is bounded. Since f(x) = x# (tj, —x)*"10 <
x <tj., B > 0) is monotonically increasing, one has

Js—1 Js—1

1.8
Zb]r Js ]r_COZt]r(t]s t]r Ol tjr7 r<s

Jjr=0

js=1
=Co ) 7 f(t;)

jr=0

tjs

<Co / f(o)de

=Cot$ "B, g+ 1),

where B(-,-) denotes Euler beta function defined by

B(w,z):/(l -V 17 ldt, z,w>o0.
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Hence, we have

jr=1

k—1
Fri=80 ) bjok D bjyj--

=0 jr1=0
jr—1

= 80Co Z bj k Z bj 1.jr-
Jr=1=0
k—1 jr—1

<20C§ Y bjk Y bj i

jr=0 jr—1=0

J2—1

Z bj.j

j1=0

Jj3—1

Y by jst% Ba. 1)

J2=0

Jja—1

> b st ¥B(, B o + 1)
Jj3=0

r-1 (3.6)
< goCoti® [ Bl jer +1)
j=0
r—1
< 2CoT™ [ [ B(ew, jor + 1)
j=0
e M@ T@Ce+1)
-8 T@+1) TRe+1)
T(@TI((r—2)a+1) T@I(r—Da+1)

T(r—Da+1) T(ra+ 1)
CoT™ (T ()’
Fra+1)
wherer=1,2,--- k.
Denote a, = % =1,2,...,k. Then
are1 o T roa+1)

a2 T(r+Dat+1)
According to Stirling’s formula in terms of the Euler gamma function, for large z one gets
T(2) = V27 %e %%, 6, € (0, 1).
So, for large r one has
Fra+1) T (ra)
C(r+Da+1)  (r+ DI+ Da

= (H%)mé (g)a(r D exp (120;01 N uﬁfna)

<Cir+17%

where 6,611 €(0,1), C1 = (g)aeﬁ,
Thus,

ar4

0 < lim < llm CoC1T*T () r+1)"% =

r—oo

ie.,

. Grp
lim —*
r—oo dy

:O’

o0
which means that ) a; is convergent. Hence, the right-hand side of the last equality of (3.5) is bounded, that is

r=1
k

Vi< 8+ 8 Y _ar < Cgo, (3.7)
r=1

which shows that (3.4) holds for the case 0 < o < 1. It follows that (3.4) is true for all @ > 0. O
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The above lemma is very useful for numerical stability analysis and error estimate. There have existed some other kinds
of Gronwall inequalities, for example, see [14,39,41].

3.2. Stability analysis

In this section, we first give the stability analysis of rectangle scheme (2.1) in the following theorem.

Theorem 3.1. Suppose that y;j(j =1,2,---,k) are the solutions of the rectangle scheme (2.1) where the non-equidistant stepsize
is non-decreasing, f(t,y) satisfies the Lipschitz condition with respect to the second argument y with a Lipschitz constant L on the
existed interval of its unique solution. Then the rectangle scheme (2.1) is stable.

Proof. Suppose y(’) (i=0,1,---,n—1) and j; (j=0,1,---,k+ 1) are the perturbations of y(()i) and y;, respectively. It
follows from (2.1) that

n—1 ]
l
Yik+1 = Z <+1 (J)+ZW]I<+1f(t],YJ
! =
n—1 tli
~ 1 ~
Vi1 + Vi =ZTJ;(J’(()])+YE)]))+ZWj,k+1f(tj,Yj+Yj)-
j=0 j=0

So we obtain the following perturbation equation

nl]

Vi+1 = Z lH?] ~(])+ZW1 l<+l(f(t1 yj+}’j)_f(t] J/])>

Denoting by 7o = max Iy(’)l we get
o<j<n—

nlJ

Ferr] = \Z "“N‘”+Zw] et (£ v +5) = F&5.v))|

- k

Z HT} +LZWJI<+1|.VJ|

=0 j=0
Using Lemmas 3.1 and 3.3, we reach that
n—1 .j

Vi1l < Ci (Z tk;rl 1o )
0

n— .
where C=Ci( Y Z—,}) The proof is thus ended. O
j=0

Similar to the proof of Theorem 3.1, we have the following theorem whose proof is omitted here or left to the interested
readers.

Theorem 3.2. Suppose that y; (j =1,2,---, k) are the solutions of the trapezoid scheme (2.3) where the non-equidistant stepsize
is non-decreasing, f(t,y) satisfies the Lipschitz condition with respect to the second argument y with a Lipschitz constant L on the
existed interval of its unique solution. Then the trapezoid scheme (2.3) is stable.

Next, we present the stability of scheme (2.5).

Theorem 3.3. Suppose that y; (j = 1,2, --- , k) are the solutions of the predictor-corrector scheme (2.5) where the non-equidistant
stepsize is non-decreasing, f (t, y) satisfies the Lipschitz condition with respect to the second argument y with a Lipschitz constant L
on the existed interval of its unique solution. Then the predictor-corrector scheme (2.5) is stable.
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Proof. Suppose y(l) (i=0,1,---,n=1),¥; (j=0,1,--- ,k+1) and 3,/ ; (k=0,1,---,N —1) are the perturbations of y(l)
y;j and yk 1 respectively. Then we get the following perturbation equations

nl]

yk+1 Z k-'le(])"‘ZW]lHl(f(tj J/]+J/])_f(t]aYJ)

n1]

Vi1 = Z kH ¥ + [ZW] l<+1(f(t] Yi+y)—ft,y; )

+ ‘TVI<+1,I<+1 (f(tk+1 s yk+1 + T’k+1) - f(tk-H , ka)) ]

Denote by 179 = max |378j)|. Noticing that the following estimate holds
0<j<n-1

Ta
Wit k1 < m (3.8)
one has
n—1.j k
t )

~ k41~ ~ ~
Vi1 = ’Z %J’éj) + [ D Wikst (f(tj, yi+¥p - f, yj))

=0 Jj=0

W1 (£ O i + o) = Fn vl ) |

- k

Z TG 1 LY W e B+ Lt et [Tl
=0 j=0
n—1 j k 5 5 LT® —p
= UOJZE]F +L§Wj,k+1|}’j|+ m|yk+1|

LT S LR LT® -
(1 T S T S (s + e )
( r2+a) ”Oj_zo j! ]_ZO T R gy Wik |yl
According to Lemmas 3.1 and 3.3, it leads to
n—1 LT k

~ LT T
|}’k+1|5(1+m> Z I +LC0,( M +2))ij(fl<+l tHe- ijl

LT ) nlri

re+w/ L

<(Cq (1 +
= Cno,

o n—1 _.
where C =C; (1 + r(Lsz)> Z S—f All this ends the proof. O

Remark 3.1. The global Lipschitz conditions in Theorems 3.1-3.3 can be weakened to the local Lipschitz conditions. The
proof techniques are almost the same as those studied in [23].

4. Error analysis

In this section, we give the error analysis of rectangle scheme (2.1), trapezoid scheme (2.3), and predictor-corrector
scheme (2.5).
At first, we present some lemmas that will be used later on.
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Lemma 4.1.If g(t) € C'[0, T], then

73]

gl
/ (tky1 — )%™ ! g(s)ds — ZW] k+18(E5)| < —OoTaTmax~

F(a) = “T(@+1)

Proof.

L1

’F(a) /(tk+1—5)“ 1g(S)dS—ZwJ k+1g(t])(

Lj+1

f (tesr =977 (8t - 8(9)ds

k

F(a)

k t]+l

Z/(tk-H — 9% ]|(5—t])g (§])|d5 &je(tj,tjirr)
Jj=0 ¢

; JALIES!
< ——lg ||oofmaxZ/(tk+1 —5)*"ds
[() P
J

1 12 oot . 7 g lloo
T T+ 1) ok ’”‘”‘—r(a+1)

This finishes the proof. O

o
T* Trmax-

Lemma 4.2.If g(t) € C2[0, T], then

i 2l g’
a—1 00 a2
F( @) / (tkt1 —5) g(s)ds — ]ZOW] k+1g(t]) =< mT Thax-
Proof.
tes k+1
’r( » / (tir1 — ) g(s)ds — Zw] z<+1g(t,)(
1 |<& o t t
_ S—1LljH1 S—1j
= (g1 — )% {g(s)——]g(f')——g(f' 1)}615
T(@) FZO J k+1 tj — tj+1 J fj+1 _ fj J+
j
L 1
< T Z / (b1 — )% ! 5(5 —tipv) (s —tpg ' Eplds, &€ (tj tjt)
j=0 £

tj+

= ||2gr(|(|;; '?“”‘Z/ G =9

_ g o 2 _ 18" o o
2F((¥+1) k+1 "max — 2F(0{+1) max-

The proof is thus completed. O

623

In the above two lemmas, the smooth conditions of the integrand g(t) are sufficient ones which are somewhat strong. In
such situations, non-uniform meshes seem not to have superiority. It means that the convergent rates of both non-uniform
meshes and uniform ones are highly possible the same for smooth functions. But for non-smooth functions, non-uniform
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meshes are much more suitable than uniform meshes. Now we give another lemma based on concrete non-uniform meshes
to show this.

Lemma 4.3. Let g(t) =t° (0 < 0 < 1) which is not smooth at the origin t = 0. Set non-uniform meshes with variable stepsizes
Tj=tjy1—tj=(+Du, 0<j<N-—1,where u= Then for 0 < o < 1, we have

= N(N+1)
1 biep k+1
v [ @ =97 a0ds = 3 W)
0 j=0
< CU’aN—2(0+a)(k+ -l)Z(G-H)l—l)7 (41)
wherek =0,1,---,N—1, and Cy 4 is a constant depending onlyon T, o, 0.
Proof.
fett k+1
v [ =9 20 = - Wiz
0 j=0

k i+

1 ti
> / (tirr =% {g(s) —’“ (tj)——ﬁg(tj+1)}ds
-0 ; tjy1 —t;
J

T |5 t -
ki
1 a—1 1 o—2
T (tir = )7 |5 (s L) (s — oo —DE;ds
j=1 t
* @ )/(tk+1—s)“ Y(s7 — st~ hyds
= I] +12, (42)

where &; € (tj,tj;1). It is easy to show that the above inequality is bounded by Cy, at“*"‘ when k = 0.

Next we focus on the case k > 1. For the first part I; on the right-hand side of (41) we have the following estimate.

k Lt
I < zr(a)a(l —o)ert;’*z /(tk+1 — )% 1ds
Jj=1 £
k
=357’ —o)Zrﬁt}’ Tt — L)

T o+1 a -2 a—1 a—1
sca,a(N(NH)) Z(J-H) (k43" (k= J)

T o+ J+ —
<C ]ao ]k 39— 1] a—1
<Cou(ymsn) j}zlj G e 3 e )

k
T o+a
<C K 1 o+a—1 :0—1 k — ~o—1
= J,a(iN(N—‘F])) (k+1) j}_l] ( i)

k

T ote o+a—1 o—=1., _ -1
Sca,a<N(N+1)> k+1) sk — )% 'ds
0

T o+a ota—1
fcm(m) (k(k + 1))+,

For 0 <o +a <1, we get that
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I1 <Cy aN—2(0+a)k2((r+a—1)

1 2(0+a-1)
< Co-7aN72(a+a)(k + ])2(0’4’0[7]) <1 _ >

k+1
< 4C(7,(1N_2(G+a)(k + -1)2((r+oc—1). (4.3)
Orelse 1 <o 4+ a <2, then I < Cy o N2+ (k 4 1)2@+2=D Thus we can reach that Iy < Cy o N™2@+®) (k 4 1)2(+a=1D

with a generic constant for arbitrary 0 <, 0 < 1.
For the second part I, one has

t
1 _ _
I, = @f(tkﬂ — )% 1(s —st{ Nyds
0

L ; — 1 o+1 _ a—1
< r@) <cr—|—l 2>t1 (k1 —t1)

T o+a a1
<Cou(ymyp) KD

< 4Co aN72OFO (k4 12D,

where the technique of deriving (4.3) is used in the last inequality.
So, combining I; with Iy, we can obtain inequality (4.1). The proof is complete. O

Remark 4.1. For uniform meshes with a uniform stepsize h = % and g(t) =t° (0 <o < 1), it has been proved in [8] that

Gkt k1
]ﬁ f (tigr — )7 g(s)ds — ij,z<+1g(tj)\ < Coati h7H,
0 j=0
ie,
Gkt k+1
e [ =9 oy jzov“’vj,,<+1g<r,->\ < Co N k4 1) (44)
/ -

In view of inequalities (4.1) and (4.4), we find that the order of convergence with non-uniform meshes are higher than that
with uniform meshes.

From the above Lemmas 4.1 and 4.2, one can easily get the following theorems.

Theorem 4.1. If ¢ Dg’t y(t) € C1[0, T] and the non-equidistant stepsize is non-decreasing, then the rectangle scheme (2.1) for equation
(1.2) has the following estimate,

Vi1 — ¥ (i) < CTmaes k=0,1,....N—1. (4.5)

Theorem 4.2. If ¢ Dg“t y(t) € C2[0, T] and the non-equidistant stepsize is non-decreasing, then the trapezoid scheme (2.3) for equation
(1.2) has the following estimate,

Vi1 = Y(tip)] < Clpgee k=0,1,...,N—1. (46)
Next, we derive the error estimate of scheme (2.5).

Theorem 4.3. If CD‘(’)‘,[ y(t) € C2[0, T] and the non-equidistant stepsize is non-decreasing, then the predictor-corrector scheme (2.5)
has the estimate below,

|Vkt1 — Yt < CTgy, k=0,1,...,N =1, (4.7)

where ¢ = min{2, 1 + «}.

Proof. Since f(t,y(t)) = ¢D§,y() € C2[0, T] is bounded, then there exists a constant M > 0, such that |f;| <M and
| ftie] < M. We denote eyy1 = |y(tx+1) — Yk+1| for k=0,1,..., N — 1. By tedious calculations, one has
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L1

/ (b1 — ¥V (s, y(s))ds

e
k+1 = ‘F(a)

k
—[ D Wik f v+ Vvk+1,k+1f(tk+1,ylf+1)”

b1 k+1
’r( ” /(tk+1—5)“ LF(s y()ds =Y Wk f(E, y(t]))‘
j=0
k1 k
+‘Z\7Vj,k+1f(tj,Y(fj))—[Z\/ij,kﬂf(tj,yj)
j=0 j=0

+ Wit ka1 St Yf:H)] ‘

bieg1 k+1

’F(a) /(t"“_s)a G, y(s))dS—ZWJ k1 £ (t5, y(E))

4| kaﬂ [y - 165,37
j=0

+ ‘Wk+1,k+1 [f(f/<+1, Y(ter1)) — (et ylfﬂ)]‘
Al +L+1s.

It follows from Lemma 4.2 that

I <C rmax’
MT®
where C1= Tata)”

Since f is presumed to satisfy the Lipschitz condition with a Lipschitz constant L, one has

k
IZZ‘ZVVMH{f(ti’Y(fj))_f(tjsJ’j)}‘
j=0
k
Z e [F &5,y @) = Fi&, v

=0
k
<L) Wikply) —yjl
j=0
k
= Wjky1€j.
j=0
By the definition of Wy 41, we get

w = ! (t )% = ! ¥ < ! ¥
ML = T o) T T T 2) K T Ta+2) M

Thus

I3 = ‘Vvk+1,k+1 {f(tk+h y(tks1)) — f(fk+1,yf:+1)H
1

< Fa 53 o |t Yt = e, )|

< mrﬁw ‘y(tm) — Vi
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L1 k
Lt 1 / - ' o
et "—F(a) (te1 —S) f(S!Y(S))dS—j_XE)W],ka(t],yj)‘
0 =

L1

k
< tip1 — )% DY y(s)ds — Y w; DY t-‘
=< F(O{—l—Z)‘F(O{) /(k+1 ) C 05}’() ]:ZO j.k+1C O,th( )
LTY k
max . o N ) oy
Mo +2) _ZWJ”‘+]CDO,tjy(tJ) ij,k+1f(tj7y])‘
j=0 j=0
L k41 k
.Cmax a—1 a ’
<7 tke1 — S DY y(s)ds — Wi Dy, y(t;
| / (i =9 D9S3 401D Y1)
t— " i ZW]k-H |f(t] y(Ep) — f(tj, J’})|
F(a+2)
LZTD[ k
a+1 . .
=QTye + mfz{)w],lﬁleh
where Lemma 4.1 is utilized and C; = %ﬁ?ﬂtﬂ)
Therefore,
ek+1 <li+h+I3
e 12T
<(qT, Cot? LY Wigpi€; w e;
1 max+ 2Tnax T+ g jk+1€j l"(ot—f-Z)Z jk+1€j
K LT
= (172, + CotH 4L {Vv SRS — }e
1 max 2Tmax JZZO Jik+1 T@+2) Jk+1(€;j

Then, it follows from Lemmas 3.1 and 3.3 again that
et < C3(CiTmge + CoTprat)
< Caxs
where ¢ = min{2, 1+ «}. The proof is thus complete. O
Remark 4.2. The smooth condition CDg,t y(t) € C2[0, T] is a sufficient one. For smooth functions in [0, T], the convergent rate

of non-uniform meshes and uniform ones are almost the same. For non-smooth functions in [0, T] (i.e. whose derivative(s)
may not exist at t =0 or other points), however, the non-uniform meshes behave better than the uniform meshes.

Remark 4.3. The conclusions in Theorems 4.1-4.3 still hold if the global Lipschitz conditions are reduced to the local Lips-
chitz ones [23].

5. Numerical examples

In this section, we present four numerical examples as follows.

If tj =const, j=0,1,---,N — 1, that is, equidistant division on the interval [0, T], then the convergence rate of
predictor—corrector scheme reduced to 2 — « for « € [1/2,1) when y(t) satisfies y(t) € C2[0, T]. This drawback will be
overcome when the non-uniform meshes are used.

We adopt the non-uniform meshes defined as

Tk=Kk+Du, 0<k<N-1,

where © = % In the following, we always use these non-uniform meshes to solve the fractional differential equations
(see Examples 5.1-5.3).
Now, we give an example to test the error estimates.
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Table 1
Absolute errors at t =1 for equation (5.1) using rectangle scheme (2.1).
N o =0.25 EOC a=0.75 EOC a=1.25 EOC a=1.75 EOC
80 8.64E—02 6.40E—02 4.99E—02 3.63E—02
160 3.95E—02 113 3.15E-02 1.02 2.53E—02 0.98 1.85E—02 0.97
320 1.85E—02 1.09 1.56E—02 1.02 1.28E—02 0.99 9.35E—-03 0.99
640 8.85E—03 1.07 7.72E—03 1.01 6.41E—03 0.99 4.70E—03 0.99
1280 4.26E—03 1.05 3.84E—03 1.01 3.21E-03 1.00 2.36E—03 1.00
2560 2.06E—03 1.05 1.91E-03 1.00 1.61E-03 1.00 118E—03 1.00
Table 2
Absolute errors at t =1 for equation (5.1) using trapezoid scheme (2.3).
N o =0.25 EOC a=0.75 EOC a=1.25 EOC oa=1.75 EOC
80 7.95E—04 1.15E—03 8.96E—04 5.73E—04
160 2.14E—-04 1.89 2.90E—04 1.98 2.25E-04 1.99 1.44E—04 1.99
320 5.66E—05 1.92 7.30E—05 1.99 5.65E—05 2.00 3.62E—05 2.00
640 1.48E—05 1.94 1.83E—-05 1.99 141E-05 2.00 9.05E—06 2.00
1280 3.83E-06 1.95 4.59E—06 2.00 3.54E—06 2.00 2.27E—06 2.00
2560 9.84E—07 1.96 1.15E—-06 2.00 8.85E—07 2.00 5.67E—07 2.00

Example 5.1. Consider the following FODE

I'®) tS—ot 36 t4—a
reé-—ow) ré—ow
with the initial values

{y(O):O, y'(0)=0, if 1 <a <2,

3
cD§, y(t) = —TER+a)t> —y> + (1 + §t4 —2t2)2, (5.1)

y(0) =0, if0<o <1.

The exact solution of this equation is y(t) =t° + 3t4 — 2t2+%, and

L® 5, 36
T'(6—a) rG5—a)

Thus CDS‘_ty(t) € C2[0, T] for arbitrary T > 0 which fulfills the conditions of Theorems 4.1-4.3. For convenience, we check
only the rectangle and the trapezoid methods on non-uniform meshes. The predictor-corrector method on non-uniform
meshes is omitted here or left to the interested readers. The numerical results are displayed in Tables 1 and 2. According to
Theorems 4.1 and 4.3, the orders of convergence of these two methods should be 1 and 2, respectively. From Tables 1 and 2
we can see that the experimental orders of convergence (EOC) support the theoretical convergent orders.

cDg v () = Y T3+t 0<a <2.

Example 5.2. Consider the following nonlinear equation
2
ré—ow)

cDg y(t) = 2 pe__ 1 e (5.2)
réG-a) r2-a)

—y 4+ —t+1)7? forO0<a<l.

2% 2 (2 —t+1)% for 1<a<2,

The initial values has been chosen as follows

y0) =1,y 0 =-1, if l <a <2,
y(0) =1, if0<a<1.

The exact solution of equation (5.2) is y(t) = t> —t + 1. It is easy to verify that y(t) € C2[0, T1, but cDg‘q[y(t) doesn’t belong
to C2[0, T]. We can observe from Table 3 that the experimental order of convergence (EOC) on non-uniform meshes is
min{2, 1 4+ o} which is still in line with the theoretical analysis in Theorem 4.3 and is even better than the theoretical order
when 1 <o < 2.

The numerical results show that the method on non-uniform meshes has a much higher order of convergence than that
on uniform meshes except the case when o = 0.3. From this table, the EOCs of non-uniform and uniform meshes are almost
the same for o« = 0.3. But when « increases from 0.3, the regularity of right-hand side of equation (5.2) becomes weaker
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Table 3
Absolute errors at t =1 for equation (5.2) using predictor-corrector scheme (2.5).
Meshes N o =0.30 EOC o =0.90 EOC a=1.30 EOC o =1.90 EOC
Non-uniform 10 1.75E-01 2.20E—02 5.20E—03 8.43E-03
20 7.68E—02 119 5.93E—03 1.89 110E—03 2.24 211E-03 2.00
40 2.72E—02 1.50 1.57E-03 1.92 2.23E-04 2.31 5.10E—-04 2.05
80 8.90E—03 1.61 414E—-04 1.92 4.34E—05 2.36 1.22E-04 2.07
160 2.95E-03 1.59 1.10E—04 1.92 8.14E—06 2.41 2.89E—05 2.07
320 1.01E-03 1.54 2.91E-05 191 1.47E—06 2.47 6.88E—06 2.07
Uniform 10 8.57E—02 118E—02 1.50E—04 5.04E—02
20 2.86E—02 1.59 4.12E-03 1.52 1.97E—04 —0.39 2.37E—-02 1.09
40 9.07E-03 1.66 1.57E-03 139 1.12E-04 0.82 111E-02 110
80 2.96E—03 1.61 6.47E—04 1.28 4.50E—05 1.31 5.18E—03 110
160 1.01E-03 155 2.79E—-04 1.21 1.61E-05 1.48 2.42E-03 110
320 3.58E—04 1.50 1.24E—04 117 5.42E—06 1.57 113E-03 110
Table 4
Absolute errors at t =1 for equation (5.3) using trapezoid scheme (2.3).
Meshes N o =0.20 EOC o =0.40 EOC o =0.60 EOC o =0.80 EOC
Non-uniform 10 3.41E-04 3.69E—04 5.16E—04 6.24E—04
20 6.94E—05 2.30 9.08E—05 2.02 1.32E-04 1.96 1.62E—04 194
40 1.49E-05 222 2.25E-05 2.01 3.36E—05 1.98 4.15E—-05 1.97
80 3.37E—06 215 5.59E—06 2.01 8.49E—06 1.99 1.05E—-05 1.98
160 7.85E—07 2.10 1.39E-06 2.00 2.13E-06 1.99 2.64E—06 1.99
320 1.87E—-07 2.07 3.48E—07 2.00 5.35E—07 2.00 6.63E—07 2.00
Uniform 10 1.29E-03 1.27E-03 9.61E-04 6.37E—04
20 5.46E—04 1.24 4.67E—04 1.44 3.07E—04 1.65 1.79E—-04 1.84
40 2.34E-04 1.22 1.74E—04 143 9.86E—05 1.64 5.03E—05 1.83
80 1.01E—04 1.21 6.51E—05 1.42 3.19E-05 1.63 1.42E—-05 1.82
160 4.39E—05 1.21 2.45E—05 141 1.04E—05 1.62 4,01E—06 1.82
320 1.91E-05 1.20 9.24E—06 141 3.39E-06 1.62 1.14E—06 1.82

due to the factors t2~% and t'~¢, In this situation, the convergent order of non-uniform meshes is obviously better than
that of uniform meshes.

Example 5.3. Consider the following fractional differential equation
cDg‘yty(t)—i-y(t):O, y0)=1, O0<a<l. (5.3)

The analytical solution is
y(&) = Eq1(—t%),

where Eq g(2) is the Mittag-Leffler function defined by

E = - 0.
a,p(2) gr(al<+‘3), o, B>

Here we compare the trapezoid method (2.3) on uniform meshes with that on non-uniform meshes. And we choose the
same number n of iteration, for example, n = 10 for both methods. From Table 4, one can see that the convergent order
of this method on non-uniform meshes is still the second order though y(t) is not smooth at t =0, and that the present
method on non-uniform meshes has much better performance than that on uniform meshes.

In the following, we give the last example.

Example 5.4. Consider the following time-fractional subdiffusion equation

cDgux, t) = Au+ f(x,0), (x,t) € (a,b) x [0, T],
ux,0)=¢(x), x € (a,b), (5.4)
u(a,t) =y (t), u(b,t) =y2(t), tel[0,T].

where A is Laplacian and « € (0, 1).
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Table 5
Errors in maximum norm at t =1 for equation (5.4) using trapezoid scheme (5.7).
Meshes N o =0.25 EOC a=04 EOC a=0.6 EOC a=0.75 EOC
Non-uniform 10 5.96E—05 7.43E—05 6.16E—05 3.28E—05
20 1.60E—05 1.89 1.94E-05 194 1.57E-05 1.98 8.31E—-06 1.98
40 417E—-06 1.94 4.92E—06 1.98 3.87E—06 2.02 2.01E—06 2.05
80 1.02E—06 2.03 119E-06 2.05 8.98E—07 211 4.28E—07 2.23
160 1.96E—07 2.38 2.33E-07 2.35 1.55E-07 2.53 3.63E—08 3.56
Uniform 10 6.03E—05 9.65E—05 141E-04 1.63E—04
20 1.74E—-05 179 2.93E-05 172 4.95E—05 1.51 6.62E—05 1.30
40 5.01E—06 1.80 9.06E—06 1.69 1.82E—-05 1.44 2.85E—05 1.22
80 1.41E-06 1.83 2.83E-06 1.68 6.97E—06 1.39 1.27E—-05 116
160 3.55E—07 1.99 8.69E—07 171 2.73E—06 1.35 5.83E—06 113

Here we use the centered difference scheme to numerically approximate Au in (5.4) with the spatial stepsize h, then
the following fractional ordinary differential equation can be obtained

1
cDgux, t) = h—z(u(x +h,t) = 2ux,t) +ux—h,t))+ fxt). (5.5)
Denote x; =a +ih, i=0,1,---,L, and h = ”L;“. According to the trapezoid approach (2.3) for equation (1.1), we can
derive that for equation (5.5) as follows with the giving initial-boundary condition.
k+1 ) k+1 ) ) )
Ukt =g (%) + Z Wike1f! + 2 Z Wjjerr(ul, —2u] +ui_)), (56)
j=0 j=0 :
1<i<L-1, 0<k<N-1,
where u{ is the approximation of u(x;, t;), fl.j = f(x;,t;j) and Wj k41 is given by equation (2.4).
This implicit scheme can be rewritten in another form as below
1 - 2 1
2 k+1,k+1u£'<j_r11 + (1 + h—ZWk+1,k+1)uf+l - h—2W1<+1,k+1u£-<_+11
k+1 L . . : (5.7)
=)+ Y Wik fl 37 D Wik )y —2uf +ulp)
Jj=0 j=0

where i=1,2,---,L—1and k=0,1,--- ,N—1.
Now, we give the numerical experiment using Thomas algorithm based on scheme (5.7). If we take u(x,t) =
sin(rx)(t%® 4+ 1) as the solution of equation (5.4), then the source item and definite conditions are read as

f(x,t) =sin(Tx) (712(t0-8 +1)+ %t”ﬂ), (x,t) € (0,1) x [0, T],
u(x,0) =sin(mx), xe€(0,1),
u(0,t)=0, u(1,t)=0, te[0,T].

Taking the spatial stepsize as h = 401%, the tests of convergent rate and absolute error on temporal direction are given
below. The temporal non-uniform meshes are defined as

w=k+1Du, 0<k<N-1,

where pu = which are the same as those of Examples 5.1-5.3.

2T
N(N+T)

The numerical results are displayed in Table 5. Despite the nonsmoothness of the solution u(x, t) = sin(7rx)(t®% + 1) on
temporal direction at the initial time, it is easy to observe that the order of convergence on non-uniform meshes is still the
second order which is much higher than that on uniform meshes.

6. Conclusion

In this article, we analyze the stability, convergence and error estimates for three kinds of fractional numerical methods
on non-uniform meshes where the non-equidistant stepsize is non-decreasing. The numerical results show that all these
methods on non-uniform meshes have better convergence and stability than those on uniform meshes both for FODEs and
FPDEs with less smoothness. Particularly, the poorer smoothness of the solution and the right-hand side of equation (1.1),
the greater advantages of the non-uniform meshes methods. We can naturally extend the methods and techniques used here
to other numerical approaches on non-uniform meshes for fractional (ordinary/partial) differential equations with Caputo
derivatives [3,19,21] and/or Riesz derivatives [9-11].
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