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� An enhanced turbulence model has been developed and validated, which is generally applicable to bubble plumes.
� The model accounts for the extra turbulence agitation introduced by bubble wakes.
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� The implications of each physical process in turbulence modelling are investigated.
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a b s t r a c t

Proper turbulence modelling of bubble plumes is critical for accurate simulation of liquid phase and bub-
ble dynamics. The k-epsilon turbulence model is widely used. However, the model is unsatisfactory due
to not accounting for the following physics: (1) turbulence damping in the vicinity of a free surface; (2)
turbulence modifications created by non-uniform distribution of the bubbles; (3) extra turbulence agita-
tion by bubble wakes. In order to remedy these deficiencies, an enhanced turbulence model has been
developed, followed with application to a literature experiment of a gas-stirred ladle. The model frame-
work is an Eulerian-Lagrangian large scale interface-capturing computational fluid dynamics (CFD)
approach, coupling a volume-of-fluid model with discrete phase model. The implications of each physical
process in turbulence modelling are investigated. The detailed model-experiment comparisons indicate
that the enhanced turbulence model allows improved representation of the physics of bubble plumes,
as well as the transport phenomena at, and close to, the free surface.

� 2020 Elsevier Ltd. All rights reserved.
1. Introduction

Bubble plumes are common in nature and industrial applica-
tions. They can be found in systems such as reactors in chemical
and environmental engineering, aeration of lakes, pneumatic oil
barriers, subsea gas leakage and natural cold seeps (Cloete et al.,
2009; Huda et al., 2018; Imteaz and Asaeda, 2000; McClimans
et al., 2013; Sánchez et al., 2018; Xia et al., 2013; Zhang et al.,
2020). Generally, there are two schools of approaches to model
bubble plumes: integral plume models and multiphase computa-
tional fluid dynamics (CFD) models. Eulerian and Lagrangian inte-
gral plume models are often used as a forecasting tool, however,
relying on empirical relationships and experimentally tuned
parameters (Fanneløp and Sjøen, 1980; Johansen, 2000; Lee and
Cheung, 1990). By contrast, multiphase CFD models can resolve
the flow in a more detailed manner, by which velocities, turbu-
lence characteristics and bubble distributions can be obtained for
the whole domain. Hence, a proper CFD model is chosen as the tool
for this study.

Numerical methods for computational bubble dynamics are
summarized by Tomiyama (1998). In the Eulerian-Lagrangian
approach, the liquid phase is solved in an Eulerian frame of refer-
ence, while the bubbles are solved in a Lagrangian frame of refer-
ence (Buwa et al., 2006; Fraga et al., 2016; Masterov et al., 2018;
Olsen and Skjetne, 2020). In Eulerian-Eulerian two-fluid models,
the dispersed phase and liquid phase are treated as inter-
penetrating continua, and each phase has its own mass and
momentum conservation equations (Fleck and Rzehak, 2019;
Ziegenhein et al., 2015). Herein we investigate the Lagrangian
method, which has distinct advantages over the Eulerian method
in terms of fewer closure requirements, ability to accommodate
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Nomenclature

Latin
CD drag coefficient
Eo Eötvös number
F total force on a single bubble (N)
FPG pressure gradient force on a single bubble (N)
FB buoyancy force on a single bubble (N)
FD drag force on a single bubble (N)
FTD turbulent dispersion force on a single bubble (N)
FVM virtual mass force on a single bubble (N)
FG gravity force on a single bubble (N)
Fc forces exerted on liquid by bubbles per unit volume (kg/

m2s2),
g gravitational constant (m/s2)
GB source term in turbulent kinetic energy transport equa-

tion due to buoyancy-modified turbulence (kg/ms3)
GeB source term in turbulent dissipation transport equation

due to buoyancy-modified turbulence (kg/ms4)
k turbulent kinetic energy (m2/s2)
mb mass of a single bubble (kg)
p pressure (N/m2)
Reb bubble Reynolds number
Sdamping source term in turbulent dissipation transport equation

due to free surface damping effects (kg/ms4)
Skwake source term in turbulent kinetic energy equation due to

bubble wake effects (kg/ms3)
Sewake source term in turbulent dissipation transport equation

due to bubble wake effects (kg/ms4)
uf liquid velocity (m/s)
ub Averaged bubble velocity in a computational cell (m/s)
Vcell control volume (m3)
vb velocity of a single bubble (m/s)

w slip velocity between bubble and liquid (m/s)
xi coordinate direction (m)

Greek
a volume fraction
e dissipation rate of turbulent kinetic energy (m2/s3)
j von Karman constant
l molecular viscosity (kg/ms)
lt turbulent viscosity (kg/ms)
q density (kg/m3)
r surface tension coefficient (N/m)
sL Lagrangian integral time (s)
swake pseudo turbulence time scale (s)
w arbitrary property

Subscripts
b bubbles
f water phase
g atmosphere phase (continuous gas phase)

Superscripts
w0 the deviation part from Reynolds decomposition

Others
w
�

ensemble-averaged values

Abbreviations
CFD computational fluid mechanics
rms root mean square
TKE turbulent kinetic energy
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complicated exchange process, and less computational effort when
further considering multiple bubble sizes (Cloete et al., 2009;
Johansen and Boysan, 1988; Olsen and Skjetne, 2020, 2016). As
bubble plumes in most cases end up at a free surface, the mathe-
matical model should also be able to handle the motion and stres-
ses at the free surface. Thus, the model framework is an Eulerian-
Lagrangian large scale interface-capturing approach, coupling a
discrete phase model (DPM) with a volume-of-fluid (VOF) model
(Youngs, 1982) in ANSYS Fluent. The DPM is used to track bubbles
in a Lagrangian frame of reference. Under the assumption of a low
bubble volume fraction, the liquid phase is treated as a single
phase in terms of mass conservation. However, the model accounts
for the full momentum coupling between bubbles and the sur-
rounding liquid. The VOF model solves the water and atmosphere
in the Eulerian frame of reference, and captures the free surface
formed by the surfacing bubble plume.

The turbulence effects in the bubble plumes are widely closed
by the two-equation k-epsilon turbulence model (Besbes et al.,
2015; Dhotre and Smith, 2007; Feng et al., 2020, 2015; Kataoka,
1986; Sánchez et al., 2018; Sun et al., 2020; Yum et al., 2008),
due to its numerical robustness and computational efficiency.
However, it has been reported by previous work that the model
is unsatisfactory to simulate the plume, due to three deficiencies.
First, the method underpredicts surface velocities due to incom-
plete turbulence modelling near the free surface. Second, the
model does not account for turbulence modifications due to the
density stratification created by vertical non-uniform distribution
of bubbles. And third, the model also neglects the extra turbulence
agitation introduced by bubbles into the liquid through wake
effects, which affect plume spreading (Cloete et al., 2009;
Johansen and Boysan, 1988; Olsen and Skjetne, 2016; Wu et al.,
2017). There is little work in the literature on the extension of a
two-equation model to resolve the above three missing physical
processes. The implications of each process in turbulence mod-
elling are also interesting to investigate.

Thus, this study aims to develop an enhanced k-epsilon turbu-
lence model to make it more generally applicable to bubble
plumes. The enhanced model is applied to the gas-stirred ladle
experiment carried out by Johansen et al. (1988) and Elgsæter
(1986). The model framework is an Eulerian-Lagrangian-large scale
interface-capturing approach combing DPM and VOF. The detailed
comparison with experimental data, in terms of mean flow, turbu-
lence and bubble distribution, indicate that the enhanced turbu-
lence model allows improved representation of the physics of
bubble plumes, as well as the transport phenomena at, and close
to, the free surface.
2. Model framework

2.1. Bubble dynamics

Bubbles are tracked by solving the force balance equation due
to Newton’s second law, where the acceleration equates the forces
acting on the bubbles. Note that the motion of the bubbles is also
affected by chemical reactions and mass transfer, and these pro-
cesses are not considered here.
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dvb

dt
¼ F

mb
¼ FD þ FTD þ FB þ FG þ FVM þ FPG

mb

¼ 18l
qbd

2
b

CDReb
24

uf � vb
� �þ qb � qf

qb
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qf

qb
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qb

Duf

Dt

ð1Þ

where, vb, mb, qb and db are the velocity, mass, density and diame-
ter of the bubbles. l, uf and qf are the molecular viscosity, instan-
taneous velocity and density of the liquid. CD is bubble drag
coefficient expressed below. Reb is bubble Reynolds number,
defined as Reb ¼ qf db uf � vb

�� ��=l. The forces are bubble drag force
FD, turbulent dispersion force FTD, buoyancy force FB, gravity force
FG, virtual mass force FVM and pressure gradient force FPG per bub-
ble mass respectively. Note that bubble–bubble interactions are not
considered.

The instantaneous velocity uf is subdivided into the Reynolds-

averaged velocity u
�
f and velocity fluctuations u0

f . The slip velocity
in the drag formulation is in most implementations based on the

mean velocity u
�
f . The remaining stress on the bubbles due to fluc-

tuation is expressed in the turbulent dispersion force
FTD ¼ 18l

qbd
2
b

CDReb
24 u0

f . It is random in nature and causes spreading of

the turbulent plume. u0
f are extracted by a normally distributed

random number f and the standard deviation
ffiffiffiffiffiffiffiffiffiffiffi
2=3k

p
,

i.e.u0
i ¼ f

ffiffiffiffiffiffiffiffiffiffiffi
2=3k

p
, where k is turbulent kinetic energy (TKE). Turbu-

lent dispersion of the bubbles was implemented using a stochastic
tracking approach, governed by the smaller one of the eddy life-
time and time spent by a bubble inside the turbulent eddy
(Gosman and Loannides, 1983).

Here we take the virtual mass coefficient Cv = 0.5, which is the
analytical value for a sphere. Lift force was assumed insignificant
for relatively high flowrates (Olsen and Popescu, 2012). The Basset
force is not considered here due to the complexity, also it is a low
Reynolds number force that has no application where bubble Rey-
nolds numbers are significantly larger than 1.0 (Johansen, 1990).

A widely recognized bubble drag law was published by
Tomiyama (1998). The drag coefficients depend on bubble Rey-
nolds number Reb, Eötvös number Eo and degree of contamination
of the water in which the bubble is rising. Here we take the bubble
drag coefficient in a slightly contaminated water (Tomiyama,
1998):

CD ¼ max min
24
Reb

1þ 0:15Re0:687b

� 	
;
72
Reb


 �
;
8
3

Eo
Eoþ 4

� 
ð2Þ

where, Eo ¼ g qf � qb

� 	
d2
b=r, r is the surface tension coefficient.

Eq. (1) is solved supplemented by the following kinematic rela-
tionship which defines the trajectory of the bubble:

dxb
dt

¼ vb ð3Þ

where, xb is the position of the bubble.
Due to Newton’s third law, the coupling forces exerted on the

liquid by bubbles are the same in magnitude but opposite in direc-
tion of the forces acting on bubbles from the liquid. By collecting
the drag and virtual mass force on all the bubbles in a computa-
tional cell, the coupling force Fc to the liquid per unit volume
can be obtained as:

Fc ¼ � 1
Vcell

XN
m ¼ 1

FD;m þ FVM;mð Þ ð4Þ

where, Vcell is the volume of the computational cell, N is the total
count of bubbles in the cell.
2.2. Free surface flow

The VOF method employs an advanced interface tracking
scheme known as Youngs’ VOF (Youngs, 1982) to track the inter-
face through the Eulerian mesh. If a cell is found to consist of
two or more phases, an interface must be interpolated through it.
The volume fraction conservation equations for water (f) and
atmosphere (g) are solved. Note that liquid displacement by bub-
bles is neglected.

@
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¼ 0 ð5Þ

with constant density qk ¼ f ;g and constraints ag þ af ¼ 1.
where, ak is the volume fraction of phase k ¼ f ; g.
Momentum conservation is given by a single set of Reynolds-

averaged Navier-Stokes equations.
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where, density and molecular viscosity are volume-averaged prop-
erties q ¼Pakqk and l ¼Paklk. p is the pressure. The last term
on the right hand side is the surface tension force, where the inter-

face curvature is H ¼ r � rak
rakj j

� 	
, with Hg ¼ �Hf and rag ¼ �raf .

For the coupling force Fc
i , refer to Eq. (4).

Through the Boussinesq hypothesis, the turbulent stress is rep-
resented by:
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0
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¼ 2

3
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þ @u

�
j

@xi

 !
ð7Þ

where, lt is turbulent viscosity.
The system can be closed by the following standard k-epsilon

model.
The TKE transport equation reads:
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The turbulent dissipation transport equation reads:
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where, e is turbulent dissipation. Cl;rk;re;C1e; C2e are given values
of 0.09, 1.0, 1.3, 1.44 and 1.92, respectively, as Launder and
Spalding (1983).
3. Turbulence modelling

To make the turbulence model more generally applicable to
bubble plumes, the standard k-epsilon model is extended to
account for the following physics: (1) turbulence damping in the
vicinity of a free surface; (2) turbulence modifications due to the
density variation created by the non-uniform distribution of the
bubbles; (3) extra turbulence agitation introduced by bubbles into
the liquid through wakes. These are modelled as source terms in
the transport equation of TKE and its dissipation.
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3.1. Free surface damping

The standard k-epsilon model underpredicts the surface veloc-
ity and overpredicts the TKE at the free surface, compared to exper-
iments. This is due to a phenomenon of increased turbulence
kinetic energy dissipation in the proximity of the free surface,
which is not captured by the standard model. When turbulent
eddies approach and locally lift a free surface, the turbulence is
damped by the stagnation pressure (Cloete et al., 2009; Olsen
and Skjetne, 2016; Sheng and Irons, 1993; Soga and Rehmann,
2004).

According to the interface-modulated turbulence model pro-
posed by Naot and Rodi (1983), here we extend the standard k-
epsilon model to account for the presence of the free surface. Being
aware that the epsilon transport equation is actually the eddy
length scale equation, a model is required to supply the correct
characteristic length to treat the near surface turbulence, and this
model should assure the length scale is zero at the free surface.
Then a proportional relationship between the eddy length scale l0
and the physical distance to the free surface ls is proposed in Eq.
(10). The modelled epsilon enew is designed to override the epsilon
value in computational cells near the surface through a source
term Sdamping , shown by Eq. (11) (Olsen and Skjetne, 2016; Pan
et al., 2013). This source term is added in the turbulent dissipation
transport equation, shown in Eq. (25) in Section 3.4.

l0 ¼ jls; l0 � t3t
enew

� �1=4

¼ C3=4
l k3=2

enew
; enew ¼ C3=4

l k3=2

jls
ð10Þ

Sdamping ¼ large number � qðenew � eÞ
Dt

ð11Þ

where, j=0.4 is the von Karman constant. q is the volume-averaged
density defined previously.Dt is the fluid time step, which is on the
denominator to be consistent with the unit of the turbulent dissipa-
tion rate. One should be careful with the choice of ‘large_number’ in
Eq. (11), it should be sufficiently large to force the transport equa-
tion to approach enew and at the same time avoid stability issues.
Different scenarios of 10, 100, 1000, 10,000 were tested and 1000
satisfied the requirements.

3.2. Buoyancy-modified turbulence

Due to the non-uniform distribution of bubbles, there is added
turbulence intensity in unstable stratified flow regions and sup-
pressed turbulence in stable stratified flows. Since the standard
k-epsilon model was developed for constant density flows, a source
term has to be added to account for the effects of buoyancy.

The momentum transport equations for liquid phase and bub-
ble phase in the Eulerian frame of reference are as follows accord-
ing to Ishii (1975):
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where, ub is bubble velocity in a cell defined as ub ¼
PN

m ¼ 1vb;m=N.
Since the internal flow in the bubbles can be neglected, the viscous
stress term in Eq. (13) can be neglected.

By adding (12) and (13), the mixture model is obtained, which
describes the momentum transport of the mixture of water and
gas bubbles:
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The right hand side of (14) can be divided into two parts. One
part is single-phase like terms; the other part arises from the pres-
ence of bubbles.

From the mixture point of view in Eq. (14), it is seen that the

plume is driven by the buoyancy force �ab qf � qb

� 	
gi. The density

variations would result in gradients of bubble volume fraction in
space. Now we explore the contribution of buoyancy force to the
production and destruction of turbulence. The variation in the

buoyancy force f i ¼ �ab qf � qb

� 	
gi around its ensemble-

averaged value is expressed as:

f 0i ¼ �a0
b qf � qb

� 	
gi ð15Þ

where, f i is the buoyancy force of the bubbles, ab is bubble volume
fraction.

The contribution to turbulence modification is obtained by mul-
tiplying u0

i to Eq. (15), and then performing ensemble averaging,
using the same technique as in the derivation of the TKE equation.
Through the first order Taylor expansion with respect to the mix-
ing length lm, the variations of volume fraction a0

b are connected

to the ensemble-averaged values a
�
b. Reynolds stresses arise from

the relationship lm ¼ u0
m � sL(Johansen, 1990), where u0

m is the fluc-
tuating velocity part in the ensemble averaging operation. The
Lagrangian integral time is estimated as sL ¼ 0:15k=e, according
to Daly and Harlow (1970).

Turbulent production due to buoyancy then becomes:
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where,u1, u2 and u3 are velocity components in x, y and z directions.
Note that this source term is for water phase only.

The corresponding source term in the turbulent dissipation
transport equation Ge

B is obtained through dividing the above TKE
source term by a time scale k=e. The degree to turbulent dissipation
affected by the buoyancy is determined by a constant Ce buo, and
calculated using the following relation (Henkes et al., 1991):

Ge
B ¼ Ce buo � GB

k=e
¼ 1:44 � tanh u

�
3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

u
�2

1 þ u
�2

2

q
�������

�������
0
B@

1
CA � e

j
� GB ð17Þ
3.3. Bubble-wake induced turbulence

Lance and Bataille (1991) have made the observation that bub-
bles can contribute to extra agitation in the flow. Earlier research-
ers have treated the pseudo turbulence to be linearly
superimposed on the normal shear-induced turbulence. Sato and
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Sekoguchi (1975) accounted for bubble-induced turbulence by an
extra turbulent viscosity. Van Wijngaarden (1998) and Lopez de
Bertodano et al. (1994) modelled the drag-induced turbulence as
an extra pseudo TKE, which was added to the normal TKE to have
the total TKE. Researchers more frequently modelled the bubble
agitated turbulence as the source terms in the turbulence transport
equations (Feng et al., 2015; Rzehak and Krepper, 2013; Troshko
and Hassan, 2001). Vaidheeswaran and Hibiki (2017) have
reviewed different modelling strategies for bubble induced turbu-
lence, and there is still a lack of universal approach which could be
attributed to the inherent range of spatio-temporal scales in two-
phase bubbly flows. Risso (2018) pointed out that the mechanism
driving the turbulence production by bubble agitation still needs to
be elucidated.

Pan (2014) has derived, using combined Favre and volume aver-
aging on the governing equations, that the shear work performed
on the liquid by bubbles is equal to the product of the drag force
on the liquid and the relative velocity, that is

Skwake ¼ Fc
D � ub � uf

� �
, which can be interpreted as the additional

turbulence production due to bubble wakes. The drag force exerted
on the liquid per unit volume from bubbles is arranged as:
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then, the source term Skwake to the TKE equation in the ensemble-
averaging framework can be obtained as follows:
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Analogous to the buoyancy-modified turbulence model, the
corresponding source term in turbulent dissipation transport equa-
tion can be obtained through dividing the TKE source term by an
appropriate time scale. This time scale has been modelled based
on dimensional analysis. We estimate that the mixing length scale
of the bubble wake lwake should be comparable to the bubble size db

as proposed in Eq. (20). By introducing the pseudo turbulence

intensity 0 < d < 1, the rms pseudo turbulent velocity
ffiffiffiffiffiffiffiffiffiffiffi
u02
wake

�q
is

proportionally connected to the ensemble-averaged slip
velocity magnitude as seen in Eq. (21). From the length and veloc-
ity scale, we can obtain the pseudo turbulence time scale swake, as
Eq. (22).

lwake ¼ jdb ð20Þ
ffiffiffiffiffiffiffiffiffiffiffi
u02
wake

�
r

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
kwake

r
¼ d � jw� j ð21Þ

swake ¼ lwakeffiffiffiffiffiffiffiffiffiffiffi
u02
wake

�q ¼ jdb

d � jw� j
ð22Þ

With the source term to the TKE equation expressed in Eq. (19),
the corresponding source term in the turbulent dissipation trans-
port equation Sewake can thus be modelled using the time scale
swake and a coefficient Ce

wake.

Sewake ¼
Cewake � Skwake

swake
¼

Ce
wake � d � w

���� ��� � Skwake

jdb
ð23Þ
3.4. The enhanced turbulence model

Summing up Sections 3.1–3.3, we conclude with the complete
version of the enhanced turbulence model:
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source term

ð24Þ
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source term

ð25Þ
Eqs. (16), (19), (11), (17), (23). The source terms in Eqs. (24) and

(25) have been implemented in ANSYS Fluent 19.0 with a set of
user defined functions.

In order to investigate the influence of each process to the
plume dynamics, the source terms are also implemented sepa-
rately as follows: Sdamping for free surface damping module, GB and

Ge
B for buoyancy-modified turbulence module, Skwake and Sewake for

bubble-wake induced turbulence module.

4. Results and discussions

The standard and enhanced k-epsilon turbulence model has
been applied to the experiment of Johansen et al. (1988) and
Elgsæter (1986). To set up a simulation, the choice of grid and time
steps are firstly studied by dependency studies, followed with the
analysis of the integral property. The enhanced turbulence mod-
elling accounting for each process, that is the free surface damping,
non-uniform distribution of bubbles and bubble wake, were then
investigated separately. The improvement of the complete version
of the enhanced model with respect to the standard model was
evaluated. The significance of the parameter in the bubble-wake
induced turbulence model was discussed. And the validation study
of the proposed turbulence model against the experimental obser-
vations was carried out last.

The modelling concept and simulated ladle geometry for the
experiment is shown schematically in Fig. 1. The ladle is of
conical-cylinder shape with initial free surface height of 1.237 m,
and with top and bottom diameters of 1.1 m and 0.93 m. The com-
putational domain height is extended to 1.5 m to involve the atmo-
sphere above. In the experiment, gas is injected through a centrally
located 5 cm diameter porous plug with different flowrates:
1.3 � 10�4 m3/s, 2.7 � 10�4 m3/s, 4.7 � 10�4 m3/s and
6.1 � 10�4 m3/s at atmospheric pressure. The data set with
4.7 � 10�4 m3/s was used to develop the enhanced turbulence
model and simulation setup (Section 4.1–4.4), while the other data
sets were used to validate the proposed turbulence model (Sec-
tion 4.5). The averaged bubble diameter is assumed to be 2 mm
for the two lower flowrates and 3 mm for the two higher flowrates,

according to db � 25%� 0:35� Q2=g
� 	0:2

as Johansen and Boysan

(1988). The bubbles are removed upon entering the gas phase. In
the experiment, observations were obtained near the bottom
(0.113 m height), half-way up (0.625 m height), and near the free
surface (1.027 m, 1.117 m, and 1.222 m heights), as seen in Fig. 1.

4.1. Dependency studies

A series of sensitivity studies on mesh size, flow time step, num-
ber of computational parcels, as well as steady state, are performed



Fig. 1. (a) A snapshot of the Lagrangian bubbles and the interface between the water and the atmosphere; (b) schematic of the 3D physical domain of the gas-stirred-ladle
experiment, in which the observations were obtained from 5 heights. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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to seek the most appropriate simulation parameters. The standard
k-epsilon model was run with flowrate of 4.7 � 10�4 m3/s in these
studies.

The grid resolution employed here is arrived at by a grid inde-
pendence study. The grids have been refined at the free surface
region. To seek a proper grid system, five different grid systems
of (plume, free surface) = (5 cm, 3 cm), (4 cm, 2 cm), (3 cm,
1.5 cm), (2 cm, 1.5 cm) and (1 cm, 1 cm) were tested. Fig. 2a dis-
plays the distribution of axial mean velocity at 0.625 m height. It
can be seen that the velocity profiles on the grids of (2 cm,
1.5 cm) and (1 cm, 1 cm) coincide, which implies that the resolu-
tion of 2 cm cell in the plume region and 1.5 cm cell at the free sur-
face region can satisfy the requirement of grid independence. The
following simulations were performed on this grid, which is 141
960 hexahedral cells as seen in Fig. 2b-c. Three flow time steps,
0.03 s, 0.01 s and 0.003 s, which comply with the CFL criterion,
were also tested. No difference in simulating the plume are
observed upon switching a time step 0.01 s to a smaller value of
0.003 s. Thus, 0.01 s is chosen for the flow time step in the follow-
ing simulations.

Discrete bubble parcels, the computational parcels, contain a
group of bubbles with the same characteristics. The mass of a par-
cel is equal to the product of total mass flowrate and the injection
time step, and then dividing by the number of streams which is set
to be 10 in all the simulations. The parcel mass and the resulting
number of parcels are thus governed by this injection time step,
which can be different from the flow time step. The parcel number
tracked involves a trade-off between the computational efforts and
proper representation of the plume. Three injection time steps,
0.01 s, 0.003 s and 0.001 s, were tested, which correspond to
~2000, 6000–7000, ~20000 parcels in order of magnitude. The dis-
tribution of liquid velocity and bubble volume fraction are consis-
tent when comparing the 0.003 s and 0.001 s cases. In the
following simulations, bubble parcels are thus set to be released
from each stream every 0.003 s.

The transient simulation was run until no significant change
could be observed in the monitored liquid velocity and bubble vol-
ume fraction. As seen in Fig. 3, there is negligible variation in the
axial mean velocity at the plume centre of 0.625 m height, after
a steady state is reached. Thus, no time averaging is necessary
for the liquid velocities. This is also because the inherent
Reynolds-averaged Navier-Stokes nature of the approach provided
an averaged representation of the plume. The possible plume wan-
dering is not observed in the simulation, which is consistent with
the experiment. However, there are slight fluctuations in the bub-
ble volume fraction with time. Thus, the bubble statistics would
require further time averaging. It is also confirmed that circumfer-
ential averages with respect to radial coordinates match the results
sampled in any single angular direction, so the simulation results
are given at 0 degrees.
4.2. Integral property

The integral property is investigated, in order to ensure the
proper implementation of the turbulence models. Driven by the
same air flowrate 4.7 � 10�4 m3/s, the calculated velocity vectors
and bubble distributions closed by the standard and the complete
version of the enhanced turbulence model are shown in Fig. 4.
Compared with the standard model, the enhance model produced
a plume with slower upwelling and more dispersion. The eye of
toroidal recirculation zone located more toward the cylindrical
wall in the upper half of the ladle. Both simulations are run with
the same air volume flux 4.7 � 10�4 m3/s at standard conditions.
Due to slight compression by pressure, the air volume flux is
4.4 � 10�4 m3/s at height of 0.625 m. The total air volume flux is
obtained by integrating the product of the local bubble velocity
and bubble volume fraction, according to Milgram (1983), that is

q ¼ 2p
R1
0 u

�
b

��� ��� � ab

� 	
rdr, where q is the total air volume flux, u

�
b

��� ���
is bubble velocity magnitude, ab is bubble volume fraction, and r
is the radial coordinate. The comparisons of the distribution of
bubble velocity magnitude and bubble volume fraction at half
way up is shown in Fig. 5. By the integration operations for the
standard and enhanced model implementations, the total volume
flux is 4.5 � 10�4 m3/s and 4.6 � 10�4 m3/s, respectively, with
the deviation from the theoretical value 4.4 � 10�4 m3/s being
1.3% and 2.7%. Thus, it can be concluded that the integral property
is properly conserved.
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0

0.4

0.8

1.2

Ax
ia

l m
ea

n 
ve

lo
ci

ty
 [m

/s
]

Time [s]
0 5 10 15 20 25 30

0

0.1

0.2

0.3

Bu
bb

le
 v

ol
um

e 
fra

ct
io

n

Axial mean velocity
Bubble volume fraction

Fig. 3. Time series of simulated axial mean velocity and bubble volume fraction at the plume centre of 0.625 m height with flowrate of 4.7 � 10�4 m3/s.

Q. Pan et al. / Chemical Engineering Science 229 (2021) 116059 7



(a) standard                                                  (b) enhanced

(c) standard                                                   (d) enhanced

Fig. 4. Simulated velocity vector coloured by velocity magnitude (a,b) and bubble cloud coloured by bubble velocity magnitude (c,d) in the standard and enhanced turbulence
model implementations, respectively, with flowrate of 4.7 � 10�4 m3/s. The location of the free surface is indicated by grey curves.
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4.3. Enhanced turbulence modelling

In order to investigate the influence of the enhanced turbulence
modelling to the plume with respect to the standard model, the
following model runs were carried out: each module, that is, free
surface damping (‘damping’), buoyancy-modified turbulence
(‘buoyancy’) and bubble-wake induced turbulence (‘wake’) was
implemented separately, together with a complete version of the
enhanced model (‘enhanced’) including the above three modules.
A detailed comparison between the simulation results and the
experimental data for flowrate of 4.7 � 10�4 m3/s are shown in

Figs. 6–9, in terms of radial mean velocity components u
�
r , axial

mean velocity components u
�
z , turbulent velocities

ffiffiffiffiffiffiffiffiffiffiffi
2=3k

p
and

bubble volume fraction ab.
It is demonstrated the standard model (red solid lines) underes-

timated both the radial and axial mean velocity in the proximity of
the free surface (Fig. 6a, Fig. 7a), and overestimated the turbulent
velocities outside the plume region (Fig. 8a). This is due to a phe-
nomenon of increased turbulence kinetic energy dissipation in
the region of the free surface, which is not captured by the stan-
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dard model. When turbulent eddies approach and locally lift a free
surface, the turbulence is damped by the stagnation pressure
(Cloete et al., 2009; Johansen and Boysan, 1988). The turbulence
model implemented with free surface damping effects (blue dotted
lines) was intended to provide a reasonable turbulence length
scale, by which the velocity profiles can be improved compared
with the standard model (Fig. 6a, Fig. 7a). Combining Fig. 6a and
Fig. 6b, it is seen that the proposed free surface damping model
also reproduces the sharp increase of the radial velocity from
1.117 m height (0.02 m under the initial surface) to 1.222 m height
(0.015 m under the initial surface). Thus, close to the surface, the
enhanced implementation with surface damping effects has better
consistency with the experimental data than the standard model.
Further down in the water, there is less discrepancy between the
models. This is as expected since the surface damping effects are
likely to influence the surface region. This module has also proven
to be promising at larger depths with larger flowrates (Olsen and
Skjetne, 2016).
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Fig. 6. Comparisons between simulated radial mean velocity and experimental data (h)
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(‘buoyancy’) and bubble-wake induced turbulence module (‘wake’), and a complete versio
by red solid lines, blue dotted lines, green dotted lines, magenta dotted lines and black s
legend, the reader is referred to the web version of this article.)
The buoyancy-modified turbulence model was intended to
account for the non-uniform distribution of bubbles: there is added
turbulence intensity in unstable stratified flow region and sup-
pressed turbulence in stable stratified flows. Compared with the
standard model, the implementation with buoyancy-modified
effects (green dotted lines) tend to produce a much wider and
milder plume than the reality: decreased axial velocity near the
centre of the plume and increased axial velocity away from the
plume centre (Fig. 7); correspondingly, the simulated profiles of
turbulence velocities and the bubble distributions also exhibit a
wider and milder behaviour (Fig. 8, Fig. 9). This tend to produce
a more uniformly distributed plume, leading to more deviation
from the experimental observation. This implies that buoyancy-
modified turbulence only is not sufficient to account for the turbu-
lence modification due to the bubble–liquid interactions.

The turbulence agitation effects due to the bubble wake are
therefore implemented (magenta dotted lines). The enhanced
implementation produced reduced upwelling velocity (Fig. 7) and
                             (b) 1.117 m 
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free surface damping module (‘damping’), buoyancy-modified turbulence module
n of the enhanced model (‘enhanced’) including the above three modules are shown
olid lines, respectively. (For interpretation of the references to colour in this figure
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Fig. 7. Comparisons between simulated axial mean velocity and experimental data (h) along radial position at 1.222 m height (a), 1.117 m height (b), 1.027 m height (c),
0.625 m height (d), and 0.113 m height (e). See caption for Fig. 6.
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enhanced turbulent velocity arising from the extra agitation
(Fig. 8) in the plume centre regions, which are better consistency
with the experiment. This modification of the turbulent kinetic
energy created by the bubbles results from an equilibrium
between the production and dissipation due to their presence
(Lance and Bataille, 1991). Correspondingly, the bubbles give rise
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to a wider plume since they are susceptible to stronger turbulence
fluctuations (Fig. 9), which improved the overestimated volume
fractions with the standard model. The radial velocities at the
interface are also improved (Fig. 6).
The complete version of the enhanced model (black solid lines)
accounting for the free surface damping, buoyancy-modified tur-
bulence and bubble wake was implemented. In the upwelling
plume region, the standard model produced a narrower plume



(a) 1.027 m                                                              (b) 0.625 m 

(c) 0.113 m 

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.40

0.01

0.02

0.03

0.04

Radial position [m]

B
ub

bl
e 

vo
lu

m
e 

fra
ct

io
n

standard
damping
buoyancy
wake
enhanced
exp.

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.40

0.01

0.02

0.03

0.04

0.05

0.06

0.07

Radial position [m]

B
ub

bl
e 

vo
lu

m
e 

fra
ct

io
n

standard
damping
buoyancy
wake
enhanced
exp.

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.40

0.05

0.1

0.15

0.2

0.25

Radial position [m]

B
ub

bl
e 

vo
lu

m
e 

fra
ct

io
n

standard
damping
buoyancy
wake
enhanced
exp.
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Fig. 10. Simulated velocity vector coloured by velocity magnitude with different model parameters 0.01 (a), 0.02 (b), 0.03 (c) with flowrate of 4.7 � 10�4 m3/s. The location of
the free surface is indicated by grey curves.
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(Fig. 4c) than the reality, resulting in overestimation of upwelling
velocity and bubble volume fraction (Fig. 7c-e and Fig. 9c-e). The
deviations from the experiment can be 20% larger in upwelling
velocity (Fig. 7d) and 95% larger in bubble volume fraction at the
plume centre half way up (Fig. 9d). The standard model also under-
estimated the turbulent velocity in these bubble populated regions
(Fig. 8c-e). Compared with the experiment, the enhanced imple-
mentation obviously improved the model performance in the
upwelling plume region. In the vicinity of the surface, the standard
model underestimates the axial velocity at the plume centre by
37% (Fig. 7a), and can underestimate the radial velocity by 36%
(Fig. 6a). Compared with the experiment, the enhanced turbulence
model developed show satisfactory quantitative agreement, which
enables more accurate simulation in the transport at the surface
region. It is noted that close to free surface, the radial turbulent
velocity attains higher values than the axial (Fig. 8a). This is an
effect of the geometrical restrictions of the free surface, which
damps the axial velocity fluctuations. On the contrary, in the
upwelling plume, axial fluctuation is dominant due to the presence
of the gravity (Fig. 8c). However, this anisotropy cannot be resolved
by k-epsilon models. A differential or algebraic Reynolds stress
model could moreover account for this effect.
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4.4. Significance of bubble-wake induced turbulence modelling

The algorithms for bubble-wake induced turbulence model are
discussed in Section 3.3. The source term in the TKE transport
equation is modelled as the product of the drag force and bub-
ble–liquid relative velocity. The corresponding source term in tur-
bulent dissipation transport equation rely on proper modelling of
the pseudo turbulence time scale swake and the model coefficient
Ce
wake. The former is independent on the pseudo turbulence inten-

sity d. So, the modelling practice comes down to the parameter
choice of product of d with Ce

wake, which are not known a priori.
The product of d and Ce

wake is tuned to be 0.02, based on the exper-
imental data for flowrate of 4.7 � 10�4 m3/s from Johansen et al.
(1988) and Elgsæter (1986). As indicated in Fig. 10, the implemen-
tation of different parameters (0.01,0.02,0.03) turned out to govern
the extent of the plume dispersion. That is because the turbulence
is driving the dispersion of the plume. With a underestimated
model parameter, that is larger swake (smaller d) or smaller Ce

wake,
the turbulent dissipation rate is underestimated, which would pro-
duce a overestimated TKE, resulting in overestimated plume dis-
persion arising from the effects of agitated turbulence due to
bubble wake. Correspondingly, the more wake entrainment, the
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more hindered momentum transfer from the bubbles to the water,
which would result in a less upwelling plume.

The parameter in the bubble-wake model in this study is tuned
and supported by the experiment. More physical formulation of
pseudo-turbulence time scale and the coefficient for the source term
in the turbulent dissipation equation should be further pursued, in
order to predict the accurate extent of the plume dispersion.
4.5. Validations of the enhanced turbulence model

In order to perform the validation study, the proposed
enhanced turbulence model was run with low 1.3 � 10�4 m3/s,
medium 2.7 � 10�4 m3/s, and high flowrate 6.1 � 10�4 m3/s in
the experiment of Johansen et al. (1988). The comparisons of the
radial velocity at the surface (1.222 m height) and axial velocity
at half-way up the plume (0.625 m height), which are the repre-
sentative features of the plume, are shown in Fig. 11. The simu-
lated radial mean velocities are well validated against the
experimental observations, and there exhibit distinct increase in
the magnitude with the increase of the flowrate (Fig. 11a). The
simulated radial mean velocities are also consistent with the
observations, except that there is underestimation in the plume
centre region for the low flowrate (Fig. 11b). Thus, it can be con-
cluded that the proposed model is capable to reproduce the phy-
sics of the plume. With more air injecting into the ladle, both
axial mean velocity and turbulent velocity (Fig. 11 c) are
enhanced. Also, the plumes are populated with more bubbles, with
the volume fraction increasing from ~ 2% to ~ 5% in the centre, and
exhibit a wider trend. It is the larger turbulent velocity of the liq-
uid phase, thus more turbulent dispersion, contributes to the
wider plume. The conclusions are consistent with the findings of
Lance and Bataille, (1991): the turbulent kinetic energy increases
with the bubble volume fraction; when the bubble volume frac-
tion exceed 1%, the hydrodynamic interactions between the bub-
bles contribute to the amplifying liquid turbulence.
5. Conclusions

An enhanced turbulence model which is an extension to the
standard k-epsilon model has been developed and validated to
make it more generally applicable to bubble plumes. Besides the
bubble–liquid coupling in momentum, there is also the turbulence
coupling. The effects of flow turbulence on bubbles are reflected by
the turbulent dispersion force. The extra turbulence induced by
bubbles through wake effects is accounted for by a proposed
bubble-wake model. In addition, turbulence modulation due to
bubble-induced stratification and added turbulent dissipation in
the proximity of the free surface have been introduced. The
enhanced turbulence model was applied to a gas-stirred ladle
experiment. The model framework is an Eulerian-Lagrangian large
scale interface-capturing CFD approach, coupling discreate phase
model with volume-of-fluid model.

A series of dependency studies and analysis of the integral
property ensured the proper implementation of the models. The
implications of each physical process in turbulence modelling
are investigated. The detailed comparison with experimental data,
in terms of mean flow, turbulence and bubble distribution, indi-
cate that the enhanced turbulence model allows improved repre-
sentation of the physics of bubble plumes, as well as the
transport phenomena at, and close to, the free surface. It was
found that in the bubble wake model, the pseudo turbulence time
scale and the coefficient in the turbulent dissipation transport
equation appears to be crucial in obtaining the accurate extent
of plume dispersion, which would require additional physical
modelling studies.
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